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Overview

M is a complete Riemannian manifold of finite volume and p is the
measure induced by the Riemannian structure.

Technical assumption, for simplicity: the center of w1 (M) is trivial.

Let
Gpm = Homeog (M, ),

the group of all compactly supported homeomorphisms of M
isotopic to the identity and preserving .
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Overview

_ e bounded cohomology always
Goal: construct a cannonical map ik real coeff

Mo Hy(ma(M)) = Hp(Gu). e cohomology of discrete
(abstract) groups

Theorem (Brandenbursky, M.)

Suppose w1(M) is acylindrically hyperbolic or w1 (M) — F; is onto.
Then Hg(GM) is infinite dimensional.
Moreover dimH,(F) < dimH,(Gu).

Theorem (Kimura)

If M is a 2-dimensional manifold, then H}(Gu) is infinite
dimensional.
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Theorem (Brandenbursky, M.)

Suppose w1 (M) is acylindrically
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Theorem (Brandenbursky, M.)

Suppose w1 (M) is acylindrically
hyperbolic or m1(M) — F, is
onto. Then H}(Gu) is infinite
dimensional.

I’b: Hg(ﬂ'l(l\/l)) — Hg(G/w)

e H}(F2) is infinite dimensional [Soma], thus if G — F>, then
H3(G) is infinite dimensional.

e If G is acylindrically hyperbolic, then H3(G) is infinite
dimensional [Frigerio-Pozetti-Sisto].

e Gambaudo-Ghys, Polterovich: P: Q(m1(M)) — Q(Gu).

e Theorems hold for certain subgroups of Gy, like Diffo(M, 1),
Symply(M, w).
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e [, works for other (co)homologies:

H"(m1(M)) —— H"(Gu)

| [

H(m1 (M) —2— H(Gw)

[ |

EH(m (M) —— EH}(Gm)
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Definition of ~

First we define a measurable cocycle

v Gp % M—>7T1(M),
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Definition of ~

First we define a measurable cocycle

v Gp % M—>7T1(M),

ie.:

o forall f,g € Gpy, Y(f,.): M — w1 (M) is measurable
o for all f,g € Gy and x € M, ~(fg,x) = ~(f, gx)v(g, x).
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Definition of ~

v: Gy x M — w1 (M)

Fix a fundamental domain D in M.
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Definition of ~

v: Gy x M — w1 (M)
Fix a fundamental domain D in M.

Let f € Guy and let f; be an isotopy from Idjy to f.
By f; denote the lift to M s.t. fo = Id},.

~(f, x) is the tile where E(x) is

i.e: f(x) €~(f,x)D.
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Definition of ~

Another definition of v: Gy x M — w1 (M).
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Definition of ~

Another definition of v: Gy x M — w1 (M).

Fix a basepoint z € M.
For any x € M we fix a path connecting z to x.

L=

£

This is y(f, x) € m1(M, z).
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Definition of ~

Properties of v: Gy x M — 71 (M).
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Definition of ~

Properties of v: Gy x M — 71 (M).

e (f, x) does not depend on f; [Ex: evy: m1(Gpm) — Z(7m1(M))]
o {y(f,x) | x € M} if finite.
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Definition of [y

We will define T'p: H] (71 (M)) — H{(Gum).
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Definition of [y

We will define T'p: H] (71 (M)) — H{(Gum).

Notation: we always use the homogeneous resolution:
CP(G)={c: G" = R| cbd, c(goh,-..,gnh) = c(go,---.gn)}

Remember: v: Gy x M — m1(M).

Let c € CJ(m(M))
We define I'p(c) € Cf'(Gum) by:

Co(c)(fo,-- - f) = c(v(fo,x), ., v(fa, X))

where fo,...,f, € Gy
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Definition of [y

We will define T'p: H] (71 (M)) — H{(Gum).

Notation: we always use the homogeneous resolution:
CP(G)={c: G" = R| cbd, c(goh,-..,gnh) = c(go,---.gn)}

Remember: v: Gy x M — m1(M).

Let c € CJ(m(M))
We define I'p(c) € Cf'(Gum) by:

rb(c)(fo,...,fn):/Mc(q/(ﬂ),x),...,q/(fn,x))dx

where fo,...,f, € Gy
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Definition of [y

Fb(c)(fo,...,fn):/Mc(y(l%,x),...,'y(fn,x))dx
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Definition of [y

Fb(c)(fo,...,fn):/Mc('y(l%,x),...,'y(fn,x))dx

We have
° 8|_b = I'b8

e [',(c) is homogeneous (here we use p-invariance)
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Definition of [y

o€l = [ o). 7))
We have
e Oy =140
e [',(c) is homogeneous (here we use p-invariance)

e [, is cannonical (does not depend on choices)
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Let M" be hyperbolic and let
voly € H(my(M)).
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Let M" be hyperbolic and let
voly € H(my(M)).
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Let M" be hyperbolic and let
voly € H(my(M)).

voly (oo, ..., 0n) = £vol(A(og,...,0n))

Fp(volp)(fo, ..., fa) = /M vol(y(fo, x), - .., Y(fa, x))dx.
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|dea of the proof

Theorem (Brandenbursky, M.)

Suppose m1(M) is acylindrically hyperbolic or w1 (M) — F; is onto.
Then Hg(GM) is infinite dimensional.
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|dea of the proof

Theorem (Brandenbursky, M.)

Suppose m1(M) is acylindrically hyperbolic or w1 (M) — F; is onto.
Then Hg(GM) is infinite dimensional.

Assumptions imply that there
exists Fo < w1 (M) s.t. Hp (71 (M))
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|dea of the proof

Theorem (Brandenbursky, M.)

Suppose m1(M) is acylindrically hyperbolic or w1 (M) — F; is onto.
Then Hg(GM) is infinite dimensional.

We construct p.: Fo — Gy
i r
s.t. there exists A and for all Hp (w1 (M) —2—= HP(Gwm)

¢ € Hp(m(M)): l /

1pET(c) = Ai* ()| =2 0. HJ (F2)
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|dea of the proof

Theorem (Brandenbursky, M.)

Suppose m1(M) is acylindrically hyperbolic or w1 (M) — F; is onto.
Then Hg(GM) is infinite dimensional.

We construct p.: Fo — Gy

s.t. there exists A and for all Hp(m1(M)) —2— LN H{(Gwm)
c € Hp(m(M)): l /

2T () = Ai*(e)]| <= 0. HJ(F2)
Proof:

Take ¢ € Hp(m1(M)) s.t. ||i*(c)|| > 0.
Then ||piTp(c)|| > 0, thus ||I'p(c)| > 0.
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|dea of the proof

Theorem (Brandenbursky, M.) Hy (m1(M)) —2— Hy(Gu)
Suppose 71(M) is acylindrically l /
hyperbolic or w1 (M) — F, is onto. H{(F2)

Then Hg(GM) is infinite dimensional. IpETs(c) — Ai* ()] =% 0.

¢ (a,b> =F<mM
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|dea of the proof

Theorem (Brandenbursky, M.) Hy (m1(M)) —2— Hy(Gu)
Suppose 71(M) is acylindrically l /
hyperbolic or w1 (M) — F, is onto. H{(F2)

Then Hg(GM) is infinite dimensional. IpETs(c) — Ai* ()] =% 0.

¢ (a,b> =F<mM

[@ : @] For w € Fy

x € A
| A A A2 A(pe(w), x) = w

Fp(c)(fo,..., 1) = /M c(v(fo, %), ..., v(fa, x))dx
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