


9. Let fi : (Yi, vi) → (X, v), for i = 1, 2, be some two connected coverings of a connected
graph X, and suppose that they induce the same subgroup H < π(X, v). Show that
the graphs with base vertices (Yi, vi) are isomorphic as coverings of X, which means
that there is an isomorphism j : (Y1, v1) → (Y2, v2) which commutes with f1, f2 (i.e.
satisfies f2j = f1).

10. Let f : (Y, v′) → (X, v) be a covering map of connected graphs, and let G = π(X, v),
H = f∗(π(Y, v

′)) < G.
(A) For any u ∈ f−1(v) let γu be some pathg in Y from v′ to u, and let gu := [f#γu] ∈

G. Verify that {gu : u ∈ f−1(v)} is a set of representatives of right cosets of H
in G. (This gives a direct proof of the fact that the index [G : H] is equal to the
multiplicity of the covering f .)

(B) Denote by AutfY the group of covering automorphisms of the covering f , i.e. the
group

{ϕ ∈ Aut(Y ) : ϕf = f}.

Show that AutfY ∼= NG(H)/H, where NG(H) = {g ∈ G : gHg−1 = H} is the so
called normalizer of the subgroup H in G.

11. Prove that for any positive integer j a finitely generated group G has finitely many
subgroups of index j. Hint: reduce this exercise to the case when G is a free group
(of finite rank), and then use coverings.

12. Show that for any j > 2 the free group F2 contains a subgroup of index j which is not
normal.

13. Find a subgroup of index 6 in the free group F2, such that its index in its normalizer
is 2.

14. Let XS be the standard graph with one vertex for which π(X) = FS , and let (Y, v)
be the covering of XS corresponding to a subgroup H < FS . Let T be a maximal
tree in Y such that for any vertex u ∈ VY we have the equality of the distances
dT (u, v) = dY (u, v).
(a) Show that a maximal tree T as above always exists.
(b) Prove that the free basis of the subgroups H induced in the standard way by a

maximal tree T as above is reduced in the sense of Nielsen.
[Observe that this proves the existence of a Nielsen-reduced basis for any subgroup H,
including infinitely generated ones (while our previous arguments worked exclusively
for finitely generated ones).]
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