


11. Use the previous exercise to get an alternative proof of the fact that the spheres Sn

for n ≥ 2 are simply connected.
12. Justify that, for n ≥ 3 and for any finite set P of points in Rn, the space Rn \ P is

simply connected. Prove the same for Sn substituted in place of Rn.
13. Let X be a finite union of lines in Rn passing through the origin 0 ∈ Rn. Show that

for n ≥ 4 we have π1(Rn \X) = 0.

Exercises concerning the notion of homotopy equivalence
Exercises 3-4 and 9-12 on pages 18-19 of the Hatcher’s book “Algebraic Topology”

(exercises at the end of Chapter 0), and the exercises below.

Given a continuous map f : X → Y , consider the space called rozważmy przestrzeń
zwana

‘
the cylinder of f , denoted Mf , and described as the quotient space of the disjoint

union (X × [0, 1]) t Y through the relation induced by the identifications of the form
(x, 1) ∼ f(x) : x ∈ X (with the quotient topology). Consider also the cone of the map
f , denoted Cf , to be the quotient Cf := Mf/(X × {0}), where X × {0} is viewed as the
subset of Mf .

14. Show that the space Y viewed naturally as a subspace in the cylinder Mf (for any
f : X → Y ) is a deformation retract of this cylinder. Why a similar argument does
not work for Y ⊂ Cf?

15. Use the fact that π1(S1) 6= 0 for showing that, in general, the cone Cf (for f : X → Y )
is not homotopy equivelent to the space Y .

16. Verify that if f : X → Y is a homotopy equivelence, then the map h : X →Mf given
by h(x) = (x, 0) ∈ X × {0} ⊂Mf is also a homotopy equivalence.

17. Show that if the maps f, g : X → Y are homotopic then the cones Cf and Cg are
homotopy equivalent.

18. Prove by referring directly to the definition that any finite graph X is homotopy
equivalent with the wedge of 1 − χ(X) copies of the circle, where χ(X) is the Euler
characteristic of the graph X. HINT: to warm up, show first that a graph having the
shape of the greek letter θ is homotopy equivalent to the wedge of two circles.
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